Introduction
Suppose that G is an algebraic group over a field K, and that H is a finite subgroup of G. In this paper, we shall investigate which representations of H appear as a restriction of a representation of G. Throughout the paper, all representations are assumed to be finite-dimensional and rational. In [2] , Donkin proves the following theorem.
Theorem 1.1 ([2]
). There exists a finite-dimensional rational representation V of G such that the restriction V | H of V to H is free; that is, V | H is isomorphic to W N reg , where N is a positive integer and W reg is the regular representation of H. Donkin thereby answered a question raised in [5] by Kuzucuoglu and Zalesskiȋ, who proved the theorem in the special case where K has positive characteristic and H is reduced. In this paper we give a short alternative proof of the results of Donkin in the case char(K) = 0, using representation theory. In fact, we shall show the following theorem. Theorem 1.2. Suppose that the characteristic of the base field K is 0. There exists a GL n -representation V E of dimension (E − 1) n(n−1)/2 E n such that V E | H is free for every subgroup H of GL n whose exponent divides E. Theorem 1.1 is an easy corollary of Theorem 1.2. Indeed, suppose that G is a linear algebraic group containing a finite subgroup H with exponent E. Now G is a Zariski closed subgroup of GL n for some n. By Theorem 1.2, there exists a finite-dimensional rational representation V E of GL n , such that the restriction V E | H of V E to H is free. Clearly, the restriction V E | G is a finite-dimensional rational representation of G whose restriction to H is free.
Suppose that V is a rational finite-dimensional representation of G with character τ. Let V | H be the restriction of H, and let χ = τ | H be the H-character of this restriction. If h, h ∈ H are conjugate in G, then we must have χ(h) = χ(h ). This gives a necessary condition for an H-representation W to be liftable to a representation of G, but it is not sufficient, as we shall see later. However, we shall prove the following theorem. Theorem 1.3. Suppose that G is a reductive group over a field K of characteristic 0, that H ⊂ G is a finite subgroup, and that W is a finite-dimensional representation of H whose character χ satisfies χ(h) = χ(h ) for all pairs h, h ∈ H which are conjugate in G. Then there exists a rational finite-dimensional representation V of G such that V | H is isomorphic to W M ⊕ W N reg for some positive integers M and N.
Define X G H to be the monoid of all restrictions {τ | H : τ is a character of G}. In the last section we shall prove the following theorem. Theorem 1.4. If G is a connected reductive group over an algebraicially closed field K (of characteristic 0), and H ⊂ G is a finite subgroup of G, then X G H is a finitely generated monoid.
Notation
To avoid confusion, throughout the paper we shall stick to the following notation. We assume that G is a reductive group, that g is its Lie algebra, that e ∈ G is the identity element, and that H ⊂ G is a finite subgroup. In general we shall denote representations of G by 'V ', representations of H by 'W ', characters of G by 'τ' and characters of H by 'χ'. The regular character of H is denoted by χ reg . We choose a maximal torus T ⊂ G, and W = N G (T )/T is the Weyl group, where N G (T ) is the normalizer of T inside G. We shall write Φ for the set of roots, we choose simple roots α 1 , . . . , α r ∈ Φ, and Φ + will be the set of positive roots. If G is connected and semisimple, then we have the following additional notation. The weight lattice Λ is generated by fundamental weights λ 1 , . . . , λ r , and Λ + = Nλ 1 + Nλ 2 + . . . + Nλ r is the set of dominant weights. We shall write ρ =
For λ ∈ Λ + we shall write V λ for the g-module with heighest weight λ. We shall write τ λ for the character of G on V λ if the action of g extends to an action of G.
Examples
Example 3.1. Take G = GL 2 s (where s > 1) and H = {Id, −Id} ⊂ G. Let χ 0 be the trivial character, and let χ 1 be the signum character of H. Let V λ be the irreducible representation corresponding to the partition λ = (λ 1 , . . . , λ r ). The G-character of V λ will be denoted by τ λ . The restriction of the character τ (1) of the representation V = V (1) to H is equal to 2 s χ 1 . The restriction of the character τ (1,1,...,1) of 2 s V to H is equal to χ 0 . We shall show that X G H is generated by χ 0 and 2 s χ 1 as follows.
If
Suppose that |λ| is odd, and let ρ : GL 2 s → GL(V λ ) be the group homomorphism corresponding to the action. Then det(ρ(g)) = det(g) l for some l. If we substitute g = t · Id, then we obtain
The character Nχ reg is a restriction of a character of G if and only if N is divisible by 2 s .
Example 3.2. Take G = GL 6 and let H = {Id, −Id} ⊂ G. Note that Example 3.4. Let G = GL 3 s , and take H = {Id, ζ Id, ζ 2 Id}, where ζ is a primitive third root of unity. Let χ i be the character ζ i Id → ζ i . Using similar arguments to those in Example 3.1, one can prove that whenever τ | H = Mχ 1 + Nχ reg , it must be true that 3 s divides M and N. This shows that M cannot always be taken equal to 1 in Theorem 1.3.
A lemma from representation theory
At this beginning of this section we shall prove a lemma in representation theory, which will be applied to the proof of Theorem 1.2 at the end of this section.
Let g be a semisimple Lie algebra. The character τ λ has the following formal expression:
where m λ,µ is the multiplicity of the weight µ in V λ . A well-known formula of Weyl (see [3, 24.3] If w (ρ + λ) + w(µ) ∈ ρ + Λ + , then w must be trivial because
Of we consider only the e γ in (4.2) where γ lies in ρ + Λ + , then we get
Proof of Theorem 1.2. Let T ⊂ GL n be the set of diagonal matrices. Define x i ∈ X (T ) as the function which maps an element of T to its (i, i)-entry. The Weyl group W of GL n is the symmetric group S n which acts transitively on x 1 , x 2 , . . . , x n . Let us define u as
Since u is W-invariant, it can be seen as a class function on GL n . Define a partition
Let τ p be the corresponding irreducible character of GL n . We claim that the class function τ p · u is a character of a representation of GL n . Let us put Now p corresponds to the weight (E − 2)(n − 1)t 1 + (E − 2)(n − 2)t 2 + . . .
A weight a 1 t 1 + a 2 t 2 + . . . + a n t n is dominant if and only if a 1 > a 2 > . . . > a n . A weight µ appearing in u is of the form a 1 t 1 + a 2 t 2 + . . . + a n t n , with a 1 , a 2 , . . . , a n ∈ {0, 1, . . . , E − 1}, and it is easy to check that p + ρ + µ is dominant. Define deg(e a 1 t 1 +...+a n t n ) = a 1 + a 2 + . . . a n , and write u = n(E−1) i=0 u i , where u i is the homogeneous part of degree i. We restrict to sl n , the Lie algebra of SL n , and we apply Lemma 4.1. So τ p · u i is a character of a representation V i of sl n , and the Lie algebra action extends to an action of the simply connected group SL n . For λ ∈ K \ {0} we have
Now we can extend the action of SL n on V i to GL n by defining λId · v = λ i v for all v ∈ V , and we see that τ p · u i is the GL n -character of V i . So τ p · u is a character of the GL n module V = i V i of dimension τ p (Id)u(Id). Clearly, u(Id) = E n , and by Weyl's formula we get
The function u vanishes on H \ {Id}, and so does u · τ p . It follows that V | H is a free H-module.
The monoid C
Let d be the order of H, and write H = {e, h 1 , h 2 , . . . , h d−1 }. Let X G be the set of characters of all finite-dimensional representations of G over K, the algebraic closure of K. This monoid is generated by infinitely many irreducible characters. Characters of H have values in C (or to be precise in Q ⊂ C, the algebraic closure of Q). We define a map
Let C be the image of π.
Lemma 5.1. The monoid C is in fact a Z-module.
Proof. It is enough to show that −π(τ) ∈ C for all τ ∈ X G . By Theorem 1.1, there exists a representation V of G such that V | H is a free H-module. Let τ 0 be the character of V . We have π(τ 0 ) = 0. Let τ 0 be the character of V , the dual space. Then τ 0 τ 0 = 1 + τ 1 , where 1 is the trivial character and τ 1 is a character. We have τ 0 τ 0 τ = τ + ττ 1 and π(τ) + π(ττ 1 
For h ∈ H, we write [h] G to denote the conjugacy class of h in G.
Lemma 5.2. The rank of C as a Z-module is equal to r, where r is the cardinality of the set of conjugacy classes 
and the first r × r minor is a Vandermonde determinant, whose value is
which is nonzero.
where χ is a character of H with the property that χ(h i ) = χ(h j ) for all h i , h j ∈ H which are conjugate in G. Let D be the Z-module generated by D. It is easy to see that D has rank less than or equal to r, and clearly C ⊆ D ⊆ D , so C ⊆ D is a submodule of finite index (and in fact it follows that D = D ). Suppose that W is a finite-dimensional H-module, and that χ is its character. For some M we have 6. The finitely generated monoid of restricted characters Lemma 6.1. Suppose that G is connected, that g is simple, and that h ∈ G is of finite order and not in the center of G. Then for every ε > 0 there exists a positive integer N such that for every dominant weight λ with ρ, λ > N we have
Proof. We choose a maximal torus T of G containing h. Let
be the Cartan decomposition of g, where h is the Lie algebra of T . Because h is not in the center of G, there exists an x α such that hx α = ζx α with ζ = 1. We shall show that there exists a constant M > 0 such that
for all dominant weights λ, where V x α λ is the kernel of x α acting on V λ . The elements x α and x −α generate a sub-Lie algebra of g isomorphic to sl 2 . Having obtained an sl 2 -module, we have a decomposition
where R i is h-stable, and irreducible as an sl 2 -module for all i. 
For an integer M > 2/|ζ − 1| we have 
